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1. INTRODUCTION

Renctiong occurring in the presence of porous eatalysts are nc:
companied by transport of heat and mass in the whole structure
formed by the porous body and the fluid film surrounding the ex-
ternal surfnce. Under these circumstances the chemical process
can take place in the presence of temperature nnd concentration
gradients In the porous pellet as well a8 in the fluid luver formed
uround the purticle.
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After the pioneering works of Thiele [1), Zeldovich [2], Wag-
ner [3], Wheeler [4], and Weisz [5], u great number of contribu-
tions have been presented to study new aspects of the effect of
diffusion on the observed rate of resction and its role In modify-
ing the activity und selectivity of porous catalysts. Relevant
conclusions on this subject have been concisely set forth in the
texts of Satterfield and Sherwood [8], Petersen [7], Satterfield
[8], and more recently by Aris [9], Carberry [10], and Sstter-
field [11].

The present article is specifically designed to discuss the ex-
isting "rational approximation" to predict the effect of diffusional
phenomena on the overall rate of reaction under a great variety
of circumstances nnd also to show how some part of the theoreti-
cal development ean be used to deduce two general criteria to es-
tablish the conditions where diffusional phenomena can be safely
neglected.

The effectiveness factor, defined ns the rate of reactjon di-
vided by the rate which would occur with no resistunce to heat
and mass transfer inside or outside the pellet, is an important
parameter in reactor design calculations involving catalyst pel-
lets. Moreover, since this parameter is needed in the design
step by step along the reactor, a number of ugeful numerical
techniques have been proposed in the post to overcome, in the
shortest way, the numerical integration of mass and heat bal-
ances inside the pellets, Increasing experience in this field
has shown that the orthogonal collocation procedures as de-
scribed by Villadsen and Michelsen [12] seem to be the optimum
technique. However, under gteep chunges in concentration and
temperature the procedure can fall and some care should be taken
although this normally lesds to an increase in computational time,

The methods that will be reviewed in this article do not have
this disadvantage and remain tractable in all clrcumstances. Un-
der the worst conditions the whole method is reduced to the so-
lution of a single nonlinear wigebraic equation. The essential
feature of the method Is its ability of matching very well known
asymptotic expressions of the effectiveness factor.

Another great concern in eatalytic experimental work is to
establish if the dats obtained are free from all transport in-
fluences before they are processed to yield correct kinetic pa-
ramaters, activity, und selectivity of the catalysts. It will be
shown that all the deduced theoretical eriteria, recently reviewed
by Butt [13] and Madon and Boudart [14], as well as any new
cases can be encompassed by only two general eriteria, One
eriterion applies to intraparticle effects while the other npplies
to interphase phenomensa; each of them is independent of the
other.
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11, EFFECTIVENESS FACTOR ESTIMATION

A, Present Status

Effectiveness factor estimation s of great concern in hetero-
geneous catalytic chemical reactor annlysis and design. The
properties of the solution and its asymptotic behavior, as o func-
tion of relevant kinetic and diffusional parameters, is well estab-
lished ns reviewed by Aris [9]. Accurate numerical methods are
nvailable for computing effectiveness factor us pointed out by
Villadsen and Michelsen [12], A great number of particular so-
lutions based on these general colloeation technigques have been
presented in the chemical engineering literature.

Catalytic chemical reactor design needs repented effective-
ness factor caleulntions for different sets of parameters, and
this need is especially scute in the simulation of packed-bed re-
netors since local values of effectiveness {uctor are affected by
local temperature and concentration changes, and us o conse-
guence have to be determined for every point along the reac-
tor except in the case of {sothermal first-order irreversible ki-
netic behavior. The importance of this caleulation has been re-
cently emphasized by Froment and Bishoff |[15].

However, the vast literature on this subject contains very
few attempts to develop fast and sufficiently sccurate approxi-
mations of the effectiveness factor. One possible alternative is
the one-point collocation method of Stewart and Villadsen [ 18]
that requires the solution of an algebraic nonlinear equation und
the well-known asymptotic solution for the large Thiele module.
A large inherent error exists in this crude approximation around
the region where the "collocation solution” crosses the asymptote.
Similar difficulties were observed by Paterson and Creswell [17],
Karanth et al. [18]. and Romachandran et al, [19]. This is not
u serious disadvantage since the accuracy of the calculations can
be increased by taking more than one colloention point, although
a system of nonlinear algebruje equations has to be solved and
can be quite time consuming.

The first approximate attempt to predict the effectiveness
factor for arbitrary kinetic expressions and pellet geometry was
probably by Petersen [7] who suggested it ns a general expres-
sion found for first-order irreversible reactions in a slab pellet
but where the Thiele modulus was replaced by a "normalized”
one obtained in terms of the asymptotic expression of the effec-
tiveness factor. The same concept was advanced nlmost simulta-
neously by Aris [20, 21] and Bishoff [22].

It should be noted, however, that this approach, if true, will
lead to s unique dependence of the effectiveness factor on this
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"normnlized” Thiele modulus. Unfortunately, It Is well known that
even for the simplest case the effect of pellet geometry is not ac-
counted for by this simple representation,

Liu [ 23) proposed some empirical formulas which can only be
applied to first- and second-order nonisothermsl resctions.
Though explicit. the method is not accurate and cannot deal
with systems having steady -state multiplicity. Much more ac-
curate is the empiricul approximation of Jouven and Aris | 24],
but only for first-order nonisothermal reactions. The varistion-
ul methods of Strieder and Aris [25] and Rester and Aris | 26)
as well as that of Jouven and Aris [24] have not found many
applications since they ure difficult to apply. More recently
Rojadhyaksha et al. [27] presented an empirical formula aimed
at predicting effectiveness factor values for lnrge values of
Thiele moduli for the case of Langmuir-Hinshelwood noniso-
thermal kinetics.

None of the forementioned methods reviewed, except the case
of one collocation point, can be easily extended to rote expres-
slons not covered in the corresponding articles, Moreover, the
effect of pellet geometry, nonuniform catulytic nctivity distribu-
tion, and mnss nnd thermal diffusivity dependence on concentra-
tion and temperature is by no means straightforward. Churchil]
[28]. based on previous work (Churchill and Usagi {29]), sug-
gested s new expression for the effectiveness factor that fits
the asymptotic behavior for small and large values of the Thiele
moduli. However, the effectiveness factor Is only a function of
the "normalized" Thiele modulus and so it cannot nceount for the
effect of pellet geometry, reaction rate expression, nnd eventu-
ully n nonuniform sctivity distribution inside the catulyst pellet,
Nevertheless, it is the [irst attempt to mateh asymplotic expres-
sions through o so-called rotional approximation. Churchill [28)
has also shown the importance of these kinds of expressions when
effectiveness fuctor calculntions involving interphnse resistances
nre required.

Very recently, and almost simultaneously , Wedel and Luss [30]
and Gottifred! et al, [31, 32] presented approximate expressions
for the effectiveness factor based on matching the asymptotic be-
havior of the effectiveness factor for smull and large values of the
Thiele moduli, However, their proposed expressions are mmtional
approximations of the effectiveness factor and are capable of ac-
counting for those effects neglected in Churchill's [ 28] analysis.

In the section "Rational Approximations” the main steps of
these methods are outlined since they ean be used for any spe-
cific particular situation except the multiple solutions region of
the effectiveness factor-Thiele modulus plane.
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As will be shown, the rational approximation does not require
any iterative or interpolative computation scheme and, at most.
the solution of a nonlinear algebraic equation and the numerical
calculation of two integrals that would De necessary with any of
the methods reviewed above,

B. Asymptotic Effectiveness Factor Behavior

Let us congider the case of a single renction toking place in o
porous catalytic pellet. The conservation of Specles A at steady-
state conditions is most convenjently described by # parabolle
second-order ordinury differential equation which nccounts for
diffusive and resctive fluxes. It will first be assumed that inter-
phuse resistunces can be neglected and ofterwards it will be shown
how they can be incorporated into u ealculntion scheme. The di-
mensionless mass balance for Renctunt A can be written as

‘nd(_n dc\ _ ..,
X d—x(x D(C)a—)-h'ﬂx)R(C) (1)

where h is the Thiele modulus defined by

t : 1
h (rsL MDg'CS"N (2)

and P(C) snd R(C) nre the dimensioniess diffusivity and rate of
resction, respectively, normalized in terms of their respective
surfsce villues (Dg and rg):

R(C) = (r/rg) (3

P(C) = (D/Dg) (4

while f(x) is a4 normalized catulytic activity distribution function
in such a way that

1
[ (n+ Deox"ax =1 (5)
0

In writing Eq. (1) it is assumed that an explicit relation exists be-
tween the dimensionless concentration of any other reactant or
product taking pluce in the single resction ond between tempera-
ture and concentration. Such relutions are straightforwnrd when
effective diffusivities nnd thermal conductivity are assumed neither
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dependent on temperature nor on concentration (see Gottifredi
et al, [31]).

By x we denote the dimensionless coordinate directed from the
center of the pellet (x = 0) to the external surface (x = 1) and n
(0, 1, 2) denotes «lab, cylindrical, or spherical pellets, respec-

tively.
Appropriate boundary conditions for Eq. (1) are
C=1,x=1; dCMx=0,x =1 (8)

Under realistic situations Eq. (1) does not have an analytical
solution since the term R(C) is nonlinear with respect to C. How-
ever, from a chemijcal engineering point of view. one is not inter-
ested In solving Eq. (1) but rather in estimating the effectiveness
factor defined as

|
n=mey [ REOx" * lax n
0

Since C(x) is not known, 1 cannot be estimated. However,
Eq. (1) can be approximately solved by perturbation procedures
either when h << | or when h »» 1.

In fact, when h¥ << 1, Eq. (1) itself suggests the following
series as an approximate solution:

C = 1+ WGy(x) + h'G,(x) + 0(h%) (8)
which after being replaced in R(C), 0(C), and in Eq. (1). and

collecting terms of equal power of h, produces the following set
of linear ordinary equations:

2May) = xPeex) ()

a2 (x"G = XPERY(1G, - ornd (“1%3‘*) (10)

Where R'(1) and D'(1) denote the first derivatives with respect to
C evaluated nt C = 1. According to Eq. (8) and Conditions (6),
Eqs. (9) and (10) are to be solved subject to

Gi(1) = Gy(1) = 0; 4Gy/dx = dGy/dx = 0, x =0 (11
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Since the System (8)-(10) can be easily solved through standard
annlytical methods, it is possible to abtain & approximste expres-
sion for n, valid when h? << 1:

n=1- osh®+ g;h* + 0(h®) (12)
where:
: n
o= - [ v DXEORMDG,Ax = G0N + 1) (13)
0
and
1 n
s=m+ D [ ="HEIRCDG, + RYDG/2)dx (14)
0

On the other hand, when h® + = it {s convenient to introduce
the stretched coordinate

£=h(1 - x) (15)

into Eq. (1) yielding

4 dC\ nf, . E\pceydC _ (_5
dg(ocmde) h(uh)v(md;-mcn: h) (16)

with the following boundary conditions:
(178, b)

The solutlon to Eq. (16) can he represented by the following
perturbation series:

C=+ ,'-,m + 0(h™) (8

Inserting Eq. (18) into Eq. (18) and collecting terms of equal
power of h yields the following equations:

4

5‘;‘1:) =
dg("““ 2 ) = fORCo) (19)
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4 /5, 98 dé). dég _
d}:(v gy * D(0a) a: n?(pg) ac -

R'¢,001) - R($I0E (20)

where D' and R' denote derivatives with respect to C evaluated
with C = ¢o.

Following the elegant procedure of Wedel and Luss [30], it
is possible to obtain an asymptotic expression for n as

n = oy/h + pa/h? + (hY) 21
where
e
1
oy =+(n + 1) 2[ 0 (4)R(0a)di0 (22)
0

(n + 1)°[n + ﬁl{’(l)lt(l)] 1

P =~ D(op)p(9:)de, (23)
Py Yo
and
6. 1/:
— rmow)nmdo] (24)
0

It follows that the coefficients p, and o, in Eq. (21) ecan be cal-
culuted by analytical methods or by standard numerical computa-
tion techniques depending upon the form of P(¢,) and R(2y).
Wedel and Luss [30], in their Table 1, summarize the cases of
most practical interest for irreversible kinetic expressions with
only one component and assuming D(¢;) = 1. but Including the
nonisothurmal situation for an m-th order irreversible expres-
sion.

C. Rationual Approximations

Expressions (12) and (21) need to be matched over the whole
range of h values. Further, it is known that, except for the
multiple solution region, the effectiveness factor Is a smooth func-
tion of the Thiele modulus.
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As pointed out in the Introduction. the first attempt in pro-
ducing a rational spproximation of these two asymptotic expres-
sions was due to Churchill [28] who proposed, for isothermal
conditions,

F=(L+ MladH- =1 +hH-t? (25)

where h is the normalized Thiele modulus. However, it is well
known that 1 is not # unique function of h. By expanding
Eq. (25) when h + 0 and h + =, it Is clearly seen that it co-
incides with the first terms of Eqs. (12) and (21).

The next logical step leads to the two parameter rational ex-
pression

42y 112
L0 = S_l;ﬂ_h_)_ (36)

(1 + uh?)

where the parameter "n" can now be used to fit asymptotic Ex-
pression (12) up to terms of the order of h?. Expanding Eq.
(26) in a Taylor series when h™ «0 and then comparing it with

Eq. (12) yiolds
w=1231- 20:9;° (27

Equation (26) was in fact proposed by Gottifredi et al. [31]. It
produced extremely good results for a great number of kinetic
expressions under isothermal conditions. However, the posi-

tive root must be taken in Eq. (27) when the apparent reaction
order is greater than 0.5 and the negative root when it is smaller
than 0.5. Equation (26) was also recently tested by Gonzo and
Gottifredi [33] for irreversible m-th order and Langmuir-Hinshel-
wood kinetlc expressions under nonisothermal conditions with fairly
good results except, of course, in the multiple solution region. As
# rule It ean be said that Eq. (26) produces estimutes which are
within 5% of the exact n values. One disadvantage of Eq. (26) is
due to the form in which parameter "a" Is defined. It should be
noticed that "a" can become imaginary when 20,0," > 1. It was
shown that under these circumstances "a" is assumed equal to 1.
In such a way. Eq. (26) coincides with Eq. (25). Gottifredi et al.
[32] hnve shown that this short way solution (s = 1 only when
20,p,% » 1) also produces fairly good estimites since muximum
deviations are below 84, It should be stressed, however, that
this {5 not the proper solution since, as is shown below, another
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rational expression must be tried that will take into account more
terms in the expansions when h << Tor jy 5= L Itis interesting
to note that for a first ~order reaction, "a" is almost exactly equal
to 1 for a cylindrical pellet and the maximum devintion with exact
values of 1 is nbout 1%, Thus Churchiil's expression (25) should
be better than the clussicnl generalizition

Mg = tangh (h)/h (28)

Equation (28) represents the case where n = 0, while Eq. (25) is
almost exact when the intermediate situution (n =1) is met.

Wedel and Lyss [30] proposed a different type of rational ex -
pression since they tried to mateh Egs. (12) and (21) with the
following expression -

N:=01 +bhi « bh?) /1 4+ b:h + bk 4 hpn? (29)

thus allowing even and odd powers of h. This is un udvantage
since it permits one to find the five unknowns, b, to by, with
only 2;. oy, and p, yielding

b, = b,, b~=b:'°x

b: =0y bgy by =

(300, b, ¢, d, @

2303

b
7 1- 01(03 + Dx:)

Wedel and Luss [30] performed u great number of test calculations
with Eq. (29) for & spherical pellet, m-th order, and Langmuir-
Hinshelwood kinetje expressions under isothermal and nonisother-
man conditions. [t wns shown that some difficulties nrise when

cedure. It was concluded, however, that with these modifica-
tions (see Wedel and Luss [30]), Eq. (2m) produces extremely
good results when compared with exact values ne long as multi-
plicity s absent. Maximum deviations under isothermal condi-
tians are well below 74 in the most unfavorable situntion and
about 15% when exothermic m-th ordep resctions must be con-
Sidered.



APPROXIMATIONS OF EFFECTIVENESS FACTOR 129

Gottifredi et al. [32], in an attempt to overcome the problem of
imaginary solutions for "a" in Eq. (27). proposed 4 more complete
rational spproximation in terms of h¥;

_ (1+ a:&z)xr: . dll.l’
(1 +ah®) (1+ d;hH*

N (31)

where n, d,, and d; must be found by fitting asymptotic Expres-
slons (12) and (21) for small and large values of h, respectively.
They yield

2 1
_a' a\nd | _ 4 a\s |
(=53] =29 o)

d, = Ol:D;dgi dy = Dg:d) (33)

where the auxiliary parameter d; was introduced:

[(1 . ‘%)ﬁ - o,]/o,lm (34)

Clearly. once "a" is found by solving the nonlinear algebraic
Equation (32), d, can be caleulated with Eq. (34) and d, and d.
with Eq. (33). In all cases investigated, the values of "a" were
between 1.1 and 4. This speeds up the trisl and error procedure
needed to solve Eq. (32). However, for calculations along a re-
netor, the previous solution of "a" cun be used as first guess in
the next step.

Equation (31) produces extremely good estimates of n. When
compared with exact values, it is shown that maximum devintions
are below 2%. However, from a practical point of view. Gottifredi
et al. [32] concluded that, when 20,0,% < 1, Eq. (26) should be
used since under these circumstances maximum deviations are be-
low 5%, while Eq. (31) should be applied when 2003 > 1. How-
ever, Eq. (31) cannot handle n behavior within the multiple so-
lutions region.

There are some other interesting features of approximnte Ex~
pression (28) which deserve a comment. First of all, Eq. (26)
predicts a maximum of n when

d, =+

f;m’ = a3 a - 2) (35)
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and as the normalized Thivle modulus must always be positive such
o maximum will exist only when n > 2, This can only be achieved
when the positive root of Eq. (27) is taken nnd when o, < 0. How-
ever, from Eqs. (13) and (9) it is easy to demonstrate that

?

1 X
gy = (n+ I)R'(l)f x'n[I xf(x)dx | ax (36)
0 0

Thus o, < 0 necessarily Implies R'(1) < 0. Second, it could be
of interest to find the value of h below which n > 1. A very simple
calculation with Eq. (26) cun be used to establish necessary and
sufficient conditions for n > 1:

n>1 when o,<0andh’ <(1- 2"} 37

These conditions can also be used to roughly define the region
where multiple solutions can be met. It is interesting to note that
4 necessury condition to violate Luss's [34] uniqueness criterion,
valid for f(x) =1, is just R'(1) < 0. Gonzo and Gottifredi [233)
concluded that Eq. (26) can also be safely used with severe exo-
thermic reactions in the region where h® > (1 - 22" ).

These briel comments regarding n behavior, as described by
Eq. (26), are to show that with a very simple rational approxi-
mation it is possible to obtain a number of useful eriteris,

It should be stressed, however, that those presented here
are by no means all the rational expressions that can be pro-
posed. In this sense an open field for & search for better and
slmpler expressions than those reviewed above exists,

D. Interphase Heat und Mass Transfer Effects

As wus pointed out in Section II-B, when n single reaction is
considered it {s always possible to relate the concentration of any
species and the temperature inside the pellet with the key compo-
nent concentration. In fact, from the dimensionless mass and
heat balances, when transport parameters are temperature and
concentration independent, it can be shown that

Ci=TyC - 1) +1
T =8(1-C)+1

C{ is the dimensionless concentration of species i referred 1o its
surface value (Cgg") and T is the dimensionless temperature, nlso
related to its surface value (Tg'), while I'j and § are given by

(38a, b)
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(DCS')

P oo mm——l 30
i chSl' i

g = DCS'(‘AH)MTS' (40)

oy being the stoichiometric coefficient, -AH the heat of reaction,
and » the effective thermal conductivity of the peliet,

However, when significant concentration and temperature dif-
ferences between pellet surface and the bulk of the fluid arise,
the effectiveness factor as calculated in Section II-B must be cor-
rected In order to refer to the main reamction rate in terms of its
corresponding bulk value in the flowing fluid:

r
ne = n<—;§) (an
o

where the subscript "o' is used to denote bulk value.
Mass and heat balances at the external pellet surface should
now be taken into account. We can write

o A dCc
io ) i

_— - B B — ‘42)
(Cis imi dx =4

T \J

dT

==xo 1B === (43)
(TS ) e dx )

where By, and Bj, represent Biot numbers for mass and heat
transport:

B{mi = (k‘.,L/D‘) (44)

B, = (h L/<) (43)

It should slso be noticed that from Eq. (2)

Bt = hi(x, /rg) (Cg'C" (46)
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By combining Eqs. (42) and (43) with Eqs. (38a, b), (41), and
(48), the following relations can be obtained:

C..t hinr
is‘ it < 0 0 o (47)
Cb Blml‘n +1N
T n.h s
— 14200 ¢46)
To' Bie(n +1)

Eguation (47) is also valid for the key component with "jo = 1. By
setting the values of Bim|. Bje. 8y. and the Arrhenlus numbers,
n can first be calculated with some adequate rational approximn-
tion by assuming negligible interphase resistances (n = fp nnd

h =hg). With this first approximation a correction is made with
Eqs. (47) and (48) and the resulting values c¢an be used to re-
peat the whole procedure until two successive cnleulntions with
Eqs. (47) and (48) indicate that convergence has been uchieved,
In & chemical reactor calculation the procedure can be speeded
up by using values of hy and ny found in the previous step of
the numerical caleulation as a first guess,

The ndvantage of this procedure is due to the rational approxi-
mation since it allows a rapid calculation of n in ench trinl. Con-
vergence s found very rapidly even with ruther strong exother-
mic reactions us was shown by Gonzo and Gottifredi [33]. Maore-
over, under these conditions the interphase hent transfer lHmita-
tion plays an important role and cannot be neglected since large
temperature differences between pellet surface nnd the bulk of
the fluid may build up. This incrense of surfuce tempernture
produces o dramatic increase in the values of B in such a wiy
that the second condition in Eq. (37) is not fulfilled. Thus ra-
tional approximations can also be used with strong exothermic
reactions.

The trial and error procedure described here produces n es-
timates with the same deviations with respect to exact values ns
those in Section 11-C for euch rational approximation.

IIT. GENERAL DIAGNOSTIC CRITERIA FOR
TRANSPORT LIMITATIONS

Criteria to establish whether or not mass and heat transfer re-
sistances can be neglected are of great importance for catalytic
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reactor design and in experimentul studies dealing with hetero-
gencous catnlytic systems.

Some usgeful experimental eriterin do not require knowledge
of kinetic parameters; for instance, that presented by Koros and
Nowak [35]). The main advantage of the Iatter, as pointed out by
Madon and Boudart [14], is that it can be used to establish inter-
and intraphase mass and heat transport lmitations with supported
as well ns with unsupported catalysts (Gonzo and Boudart [36]
and Boudart et al. [37]). On the other hand, theoretical criteria
save experimental efforts but require some knowledge of the ki-
netic behavior of the system to be analyzed. This Is just the sit-
untion in chemicul resction simulation. However, when kinetic
parameters are not Known, their values must be estimated and
this may be a very difficult task.

Theoretical criterin have been extensively reviewed since the
first contribution of Weisz and Prater [38] which is strictly valld
for first-order irreversible reactions. However, these contribu-
tions denl with some particular case, e.g., isothermal irreversible
m-th order reactions (Hudgings [38) and Weisz and Hicks [40])
or just the effect of temperature gradients inside o catalyst (An-
derson (41])). Excellent summaries of existing eriterin were pre-
sented by Froment and Bishoff [15] and Butt [13] and very re-
cently by Madon and Boudart [14].

The purpose of this section is to show that there is no need to
assume any kinetic expression to deduce useful criterin for trans-
port limitations. Only two expressjons are needed, one for inter-
phase ond the other for interpuarticle muss und heat transport ef-
fects. These expressions are easily deduced from the equations
in Section II-B and [1-D, and it can be advanced that the result-
ing expressions encompnss all previous results based on some por-
ticulur sssumptions,

Applicutions of these two criterin to experimentnl dutn ure pre-
sented elsewhere [42].

The genernl criterion used to establish the absence of inter-
purticle transport limitation is always written in the following fash-
on:

|t -n]<0.5 (49)

However, to fulfill Condition (49), h® must be small and so Eq.
(12) can be used to rewrite Eq. (49) in a more useful form:

|eyh?| = [R'(1)ah®| < 0.05 (50)



134 GONZO AND GOTTIFREDI

where, sccording to Eq. (36),
A ol .
a=(n+n [ x [f x"rex)dx| dx (51)
0 0

Thus o only depends on the pellet geometry and {(x), while the
chemical kinetic behavior is concentrated in the term R'(1), All
existing interparticle criteria are summarized in Eq. (50). It is
always applicable except when R'(1) = 0 since, in that case o;h’
in Eq. (50) must be replaced by o,h". Typical values of a are

given by Gonzo and Gottifredi [42) for linear and parabolic de-
caying sctivity distributions., When f(x) = 1:

-3
a= [(n + 1) (n+ 3)] (52)

It Is interesting to notice that & concentration or tempersture de-
pendence on diffusivity hus no direct consequence on the criterion
given by Eq. (50). However. it cun have some Indirect effect on
R’(1). Expressions for R'(1) are given by Wedel nnd Luss [30]
in their Table 1 and for other cases by Gonzo and Gottifredi [42]
in their Table 2. Nevertheless, it is not a difficult task to gen-
ernte R'(1) for any particular situstion.

When external transport phenomena are to be considered, the
eriterion to establish negligible effect can be written as

%o

n

B0 < 0.05 (53)

According to Eq. (41), however:

n r
7"=;§ = F(C*) (54)
o
where
cC.' noho’
Co= =1 —2 2% (55)
o' (n + l)Bhn

' mm—t X (56)
(n+ I)B’m
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if Criterion (53) is to be fulfilled. Expanding F(C*) in a Taylor
series results in

F(C*) = 1+ F'(1)e + 0(c?) (57)

where F'(1) denotes the first derivative of F(C*) with respect to
C* evaluated at C* = 1,

Placing Bq. (57) into Eqg. (54) and the result into Eq. (53)
yields

[F'(1) =| < 0.05 (58)

It should be stressed that Eq. (58) was deduced without any puar-
ticular assumptions except the existence of a single reaction.

Equation (58) can be regarded as the general inequality re-
quired to establish the absence of interphase transport limita-
tions. It is valid for any kind of kinetic expression, pellet geom-
etry, and activity distribution functlon inside the pellet, and en-
compasses all previously deduced expressions for particular sit-
uations.

As examples of applications, some particular cases will be con-
sidered. Let us first analyze the case of a reversible reaction
where the dimensional rate of resction is well described by a
power lauw kinetle expression:

_ m, Q_1. W, ,z
r=k(0"cy? - %C."cy") (59)

where K denotes the thermodynamic equilibrium constant and m,
g, w, and z are the orders of reactjon for the key component und
Species B, C. and D, respectively. Assuming that the effect of

temperature on K can be neglected, the criterion as given by Eq.
(50) will take the following form:

r L7
lt;t(): - < (0.0BIla) (60)
§ |m +aQly = 1B = (Wl + zl"D)|
where
A Mo & iWey o8
K'=K|c e e, ey (61)

ElRTs‘ (62)
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E is the activation energy of the forward specific rate constant k,
and R Is the universa! gas constant. Expression (60) wns not de-
duced before because the procedures previously presented hod
been warked out to solve only particular coses and some of these
deductions required considerable effort.

Moreover, the example of Eq. (59) wns s0 chosen to show that
Eq. (60) summarizes all previous findings. In fact, Anderson's
[41] eriterion for establishing negligible temperature differences
inside the pellet can be easily deduced from Eq. (60) for irrevers-
ible reactions (K' + «) and when |y8| >> m + qI'g. On the other
hand, Kubots and Yamunaka's [43] criterion is found when K' - »
and |m - yB| >> qI'g.

From Eq. (60) it ean be concluded that isothermul conditions
prevail Inside the pellet when

|y8| < 0.05 [m rary - (l?l,)(wrc + xrn)] (63)

which can be considered an extension of Mears' [44] eriterion
which is strictly valid for Irreversible (K' = =) m-th arder (m »»
qr'p) reactions.

Gonzo and Gottifredi [42] illustrated the application of the gen-
eral expression (50) for Langmuir-Hinshelwood kinetic expres-
sions. The effect of adsorbing species, such as reaction products,
can also be taken into secount following Roberts and Satterfield's
[45] procedure to get the dimensionless rate of reaction.

As a second example let us analyze the case of un irreversible
(m, p)-th-order reaction but with the aim of establishing the
purticular conditions where interphase resistances are negligible.
F(C*) becomes

= p (‘r a(1 - C‘))
=" ~ . B+ MO

F(C*) =C* '1 A1 co:] w2 e (64)
where

*B = ?Bo(BlmBmim); v = aomimmle) (65)
Application of Criterion (58) vields

robR' . (n + l)0.0SBim -

bc,' |m + Agp - M‘J
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which can also be considered un extension of Mears' [46] results
deduced for the particular case of an irreversible m-th order re-
nction,

It is worth mentioning that Gonzo und Gottifredi [42] com-
pared the general criteria of Eq. (50) with the experimentnl re-
sults of Wu and Nobe [47] who measured n values for NO re-
ductjon with ammonia on cylindrienl pellets with fairly good suc-
cess. It was also shown that Criterion (58) when applied to the
experimentul results of Kehoe and Butt [48), who investigated
benzene hydrogenation, predicts negligible external heut trans-
fer resistance when temperature differences betweon the pellet
surface and the bulk of the fluid are below 2 K,

IV. CONCLUSIONS

Rutional approximations reviewed here give accurate results
with minimal computationul effort as long us multiplicity is ab-
sent. As discussed In Section 11-C, Expression (28) accurately
predicts effectiveness factor values under sothermal conditions
provided the apparent resction order is grenter thnn 0.5. Maxi-
mum deviations are below 5%. When the reaction order is less
than 0.5 the modified procedure of Wede! and Luss [30] (see
Eq. 29) can be used with muximum deviations of about 7% even
with Langmuir-Hinshelwood kinetie behavior and very strong rate
depressions due to adsorption mechanisms. Gottifredi et al. [32]
have shown that Expression (31) can produce extremely gvod af-
fectiveness factor values with irreversible (m, p)-th-order ki-
netic expressions also tnking into sccount the effect of nonuni-
form eatalytic activity inside the pellet. Maximum deviation is
below 3%.

When nonisothermal conditions are met, Wedel und Luss [30]
concluded that their rational approximation produces fast and nc-
curate results except in the multiple solutions region. Gonzo and
Gottifredl [33) investigated the predictions obtuined with the sim-
ple Expression (26) under nonisothermul conditions, concluding
that it can be used in most realistic situstions. Of course, it is
not useful when multiplicity is present. As an example, results
from Eq. (26) were compared with experimental and numerical
predictions of Maymd und Smith [54) and showed that ratlonul
approximation devintions are within experimental error. Maymd
and Smith's [54] experimental conditions were designed to meet
very strong thermal effects.

Nevertheless, it could be that new rational approximations will
be proposed in the near future to produce even better effective-
ness factor predictions. However, it ¢an be concluded that the
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present rationnl approximations are versatile in their applicabil-
ity to different rate expressions and provide sufficient sccurncy
for most chemicnl resctor analysis and simulation.

It must be stressed that this review was devoted to the single
reaction case because not much work has been done on complex
reaction systems. Pawlowski [49] and Roberts [50) performed an
asymptotic analysis for the case of parallel reactlons, assuming
different values of reaction orders. Roberts |50] niso developed
expraessions to estimute selectivity and the maximum effect of pore
diffusion. More recently Cukierman and Lemcoff [51] developed
an approximate asymptotic expression for the effectiveness fnctor
when the Thiele moduli of both resctions are very large., The au-
thors of this review have completed on investigation showing that
the rational expression procedure can nlso be used with reasonable
success for a parallel reaction system.

Schilson and Amundson [52] have also attempted effectiveness
factor calculations for complex reaction system with a procedure
developed by the same authors in a previous paper [53]. Since
the heat generation is approximated by a linear function of tem-
perature, n successive iteration scheme must be used to obtain
the finnl resuits.

Another important feature of rational approximations of the ef-
fectiveness factor is the possibility of considering, with small ex-
tra effort, the effect of interphase heat and mass transfer which
can play an important role in many realistic situations.

Finally, it was shown that with asymptotic perturbation proce-
dures it is possible to derive two useful general criterin to estob-
lish the absence of interparticle and interphase mass and heat
transport limitations in heterogeneous resction systems. They
can be readily applied to different rate expressions, geometry,
and also take into account the sotivity distribution function in-
side the pellet.
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